In this article we describe the coadjoint orbits of SL(2,R). After choosing polarizations for each orbits, we pointed out the corresponding quantum coadjoint orbits and therefore unitary representations of SL(2,R) via deformation quantization.
Introduction
Let us recall that quantization is a process associating to each Poisson manifold M a Hilbert space H of so-called quantum states, to each classical quantity f∈ C ∞ (M) a quantum quantity Q(f) ∈ L(H), i.e., a continuous, perhaps unbounded, normal operator which is auto-adjoint if f is a real-valued function such that Q({f, g}) = i [Q(f ), Q(g)],
Q(1) = Id H .
There are some approachs to this problem, such as Feynman path integral quantization, pseudo differential operator quantization, geometric quantization, etc...In Fedosov deformation quantization, the quantization is considered as the deformation of the structure of the Poisson algebra of classical observables via a family of associated algebras indexed by the so-called deformation parameter rather than a radical change in the nature of the observables.
It is interesting to contruct quantum objects corresponding to the classical ones. It is well-known that the coadjoint orbits are almost all the classificatied flat G-symplectic manifolds. A natural question is to associate to coadjoint orbits some quantum systems called quantum coadjoint orbits. Following Kontsevich'result, every Poisson structure can be quantized. However, this quantizating is only formal and it is difficult to calculate exacly the corresponding quantum objects and representations in concrete cases. Recently, Do Ngoc Diep and Nguyen Viet Hai, in [5] , [6] , described the quantum coadjoint orbits and representations of MD and MD 4 groups. However, the problem for SL(2,R) is still open. Although all the irreducible unitary representations of SL(2,R) are well-known, the correspondence of them with coadjoint orbits are not yet clarified. In this paper, we shall use Fedosov deformation quantization to find out ⋆-product formulae and representation of SL(2,R). The algebras of smooth functions on coadjoint orbits of SL(2,R), deformed by exactly computed ⋆-products give us series of quantum coadjoint orbits: quantum elliptic hyperboloids, quantum upper (lower) halfhyperboloids, quantum upper (lower) cones, etc...These quantum objects, as we know, appear here for the first time.
The paper is organized as follows. We describe coadjoint orbits in §2. In §3 we compute for each coadjoint orbit a polarization. The deformation ⋆-products are computed in §4 and in the last section §5, we show the relation with the unitary dual of SL(2,R).
For notation, we refer readers to [10] or [4] , [5] , [6] .
Coadjoint orbits of SL(2,R)
Recall that SL(2,R) is a Lie group with Lie algebra consisting of 2 by 2 matrices with trivial trace. It admits a natural basis of three generators: . This isomorphism maps X into 2X
* , H into 2H * , Y into −2Y * . Naturally, the coadjoint action of SL(2,R) on g * is given by:
where g is a G-space vi Ad-action. However, there is a natural isomorphism of G-spaces.
It is well-known that GL(2,R) is a direct product of SL(2,R) and R * = R\(0), and therefore each B ∈ GL(2, R) can be decomposed as the product of an element from SL(2,R) and λ 1 0 0 1 or λ 0 1 1 0 with λ ∈ R * + . Due to the equivariant isomorphism of g with Ad-action and g * with Kaction, we study the adjoint orbits in place of coadjoint orbits of g * . It is well-known that every matrix B ∈ sl(2, R) can be reduced to one of the following normal forms:
We obtain the following description of the geometry of coadjoint orbits which is folklore but we could not locate a precise computation from research literature.
Theorem 2.2 Each coadjoint orbit of SL(2,R) is one of the forms:
(a) Elliptic hyperboloid:
Proof. We describe the geometry of adjoint orbits corresponding to Ω . By a direct computation,
Hence,
x−y λ = 2st and therefore,
It is exactly the elliptic hyperboloid. The adjoint orbit corresponding to
.
And therefore,
It is exactly one of the two connected components of a the elliptic hyperboloid.
Let us consider the adjoint orbit corresponding to Ω 2 − containing 0 0 1 0 By direct computation, for S ∈ SL(2, R), we have:
Hence, h=vt,
And therefore
It is really the upper half-cones. The theorem is proved.
Complex Polarirations of K-orbits of SL(2,R)
Before quantizing coadjoint orbits we do first describe some polarizations on orbits. Let us recall some basis concepts concerning polarization, see [4] .
Let G be a Lie group. A complex polarization of orbit Ω F at F ∈ Ω F is a quadriple of (η, h, U, ρ) such that:
1. η is a subalgebra of the complex Lie algebra
2. The subalgebra η is invariant under the action of all the operators of type
3. The vector space η +η is complexification of real subalgebra Lie m = (η +η) ∩ g. 6. The Pukanszky condition is satisfied:
Denote by ρ the one dimension reprentation 2π
The condition 5 and 6 are often included in order to obtain irreducible representations.
In this section, we establish complex polarization for K-orbits.
Polarization of Ω 1 λ
Let us consider a pointF = 2λH
Proof. It is easy to see that the stabilizer
consists of two connected components corresponding to a > 0 and a < 0. Obviously, its Lie algebra is g F = H . The Ad-orbit passing through F = λH contains two lines {F + t(X ∓ Y )}. Clearly, these lines are the images of ones {F + t(X * ± Y * )} passing throughF on Ω 1 λ under the isomorphism generated by Killing form. Chose η = H, X + Y C . We can see Pukansky satisfied. Note that [H, X+Y]=2(X+Y) so η is a invariant Lie algebra under Ad-action of
By an exact computation, we have
On the other hand, H = H 0 ∪ −1 0 0 −1 .H 0 , and so we can extend U onto
, we obtain thus two unitary representations of H:
Polarization of orbit Ω

+
Let us consider a pointF = X * − Y * ∈ Ω 2 + , the complex subalgebra η = H, X + Y C . The representation U = e 2πi F,. can be extended to H = H 0 ∪ εH 0 as U(ε) = ±1. Let ρ be the natural extension of dU to η. 
Polarization for
Let us consider a pointF = 2H * ∈ Ω 3 λ,+ , the complex subalgebra η = Y, X + iH C . Because of the fact that the stabilizer SO(2,R) ofF is not simply connected, U = e 2πi F,. can be extented to H only if the orbit is integral. 
Thus
Because SO(2,R) is not simply connected, U may not exist. The nesesary and sufficient condition is λ = k 8
. The orbit Ω 3 λ,− can be treated analogously and we gain the same result. A corollary of polarization for all co-adjont orbits is the representation of SL(2,R) on the Hilbert space of partial holomophic, square-integrable sections of induced vector bundle. See e.g [11] , [4] . We follow another approach by deformation quantization.
Quantum coadjoint orbits of SL(2,R)
We shall work from now on for the fixed coadjoint orbit Ω 1 λ . Following the scheme from [5] , [6] , first we study he geometry of this orbit and introduce some canonial coordinates in it. It's well known that coadjoint orbits are isomorphism to the homogeneous spaces G/G F which are symplectic manifolds. We'll introduce a coordinate system on this orbit and it turns out to be a Darboux one. Each A ∈ g can be considered as a linear functionalÃ on coadjoint orbits, as a subset of g * ,Ã(F ) = F, A . It is also well known that this function is just the Hamilton function associated with the Hamiltonian vector field ξ A generated by A following the formula:
The Kirillov form ω F is defined by the formula
It is known as the flatness of the coadjoint orbits that the correspondence A →Ã is a Lie homomorphism. Motivated by the contructed polarizations, Ω 1 λ can be parameterized as
M, N, P satisfy
Let us consider the mapping ψ :
is an universal covering space.
Proposition 4.1 ψ is a symplectomophism and HamiltonianÃ in coordinates (p, q) is of the form:
A(F ) = F, A = (2a 1 cos q + 2b 1 sin q − 2c 1 )p + (−2a 1 sin q + 2b 1 cos q)λ Proof: Each F∈ Ω 1 λ is of the form 2MX * + 2NH * − 2P Y * .
From this it folllows that the Hamiltonian function generated by invariant vector field ξ
It follows thereforẽ
On R 2 there are two symplectic structures: the first one is the Kirillov form induced by mapping ψ and the second is the canonical symplectic form dp∧dq. We prove their coincidence by observing their values at invariant vector fields are equal.
On the other hand, (dp ∧ dq)(ξ A , ξ B ) = {Ã,B} = ∂Ã ∂p ∂B ∂q
The theorem is therefore proven. 
Remark 2 The case of diffenrent orbits can be treated similarly with a small correction. With the orbits Ω
Proof:
Consider two arbitrary elements
s easy, then, to see that:
By proposition 4.1,Ã ,B are linear functions of p. Thus for k ≥ 2, we have
The theorem can be proved analogously on Ω 
Remark 3 Consider the canonial representation of quantum algebra (C ∞ (Ω), ⋆) on itself which is a Frchet Poisson algebra by left ⋆-multiplication defined by:
Then, C ∞ (Ω) can be viewed as a algebra of pseudo-diiffefential operators on C ∞ (Ω). On the other hand, the corespondence A →Ã is a Lie algebra homomorphism. Thus, we can consider the repersentation of Lie algebra
) ∞ of smooth functions by left ⋆-multiplication by iÃ⋆. This representation is then extended to the whole space L 2 (R × SO(2, R), dp.dq 2π
) by [1] . We study now the convergence of the formal power series. In order to do this, we look at the ⋆-product of iÃ as the ⋆-product of symbols and define the differential operators corresponding to iÃ . It is easy to see that the resulting correspondence is a representation of g by pseudo-differential operators.
On Ω 
It is clear that
. With k=0 hay k=1, clearly, the lemma is also satified. Apply this lemma, we have the followimg theorem: , for each compactly supported smooth func-
Following the Moyal-Weyl formula, we havê
By the lemma,
Note the fact thatÃ is a linear function of p. ThereforeÃ q···p···q is a function of only variable p.
= i
SetÃ =p. M+N, where M, N depend only q, by exact computations, we have
Finally, we have the exact formular of corresponding quantized operator:
The theorem is proved. By analogy, we get the same results for all two dimesion coadjoint orbits. Note that, following the virtual of the polarizations chosen for orbits, we obtain the representation of sl(2,R) on L 2 -space on SO(2,R).
Relation with unitary dual of SL(2,R)
We recall some basic results of contructing unitary dual of SL(2, R) by the classical methods, see e.g. [11] .
Consider the subgroup H = a b 0 a , it can imply all the irreducible unitary representations of SL(2, R) of discrete series, principal series, the complementary series as in [11] . In order to prove the equivalence of two approachs, it is enough to show that the corresponding infinitesimal representations of Lie algebra sl(2,R) are the same. Proof: We know that f (x, y, θ) = y 
